ISRAEL JOURNAL OF MATHEMATICS 81 (1995), 285-306

NON-BROKEN CIRCUITS OF REFLECTION GROUPS
AND FACTORIZATION IN D,

BY

HELENE BARCELO*

Department of Mathematics
Arizona State University, Tempe, AZ 85287-1804, USA

e-mail: helene@math.la.asu.edu

AND

ALAIN GOUPIL**

Department of Mathematics
Université du Québec ¢ Montréal
C. P. 8888, Succ. “A”, Montréal, Québec, Canada, H3C 3P8
e-mail: goupil@math.ugam.ca

ABSTRACT

The set of non-broken circuits of a reflection group W, denoted NBC(W),
appears as a basis of the Orlik-Solomon algebra of W. The factorization
of their enumerating polynomial ). NBC(W) tISl = Hle(l + (d; — 1)t)
with respect to their cardinality involves the exponents d; — 1 of W. A
simple explanation of this factorization is known only for the symmetric
groups Sp (Whitney [13]) and for the hyperoctahedral groups By, (Lehrer
[7]). In this paper, we present an elementary proof of the fact that the set
NBC(W) of any reflection group W is in bijection with the group elements
of W. We give a simple characterization of the non-broken circuits of the
Weyl groups of type Dn and we use this characterization to prove the
factorization of their enumerating polynomial.
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1. Introduction

Let W be a finite reflection group and let the subset Il of the real Euclidian
space R™ be selected so that the set Ry = {w,: v € Iy} gives all the reflections
of W. We shall refer to the elements of IIy as the roots of W. Each element w

in W has several expressions of the form
(1.1) W= Weyy Wy *  * Wy v; € Iwy.

The smallest value of k in any decomposition given by equation (1.1) is called
the absolute length of w and denoted al{w) and the corresponding expression
is said to be totally reduced. Let Fix(w) = {v: v € R™ and w(v) = v} be the
fixed point space of w. We recall the following results (see Carter [5])

PROPOSITION 1.1: Let vy,vs,...,v € Ilw, then the decomposition w =
W, Wy, - * - Wy, I8 totally reduced if and only if the vectors vy, v, . . ., Ui are linearly
independent.

PROPOSITION 1.2: If a factorization w = wsy, Wy, * - * Wy, Is totally reduced, then
{v1,v2,...,vk} Is a basis for the orthogonal complement of the fixed point space

Fix(w) of w and n—k is the number of eigenvalues of w equal to 1.

We shall be concerned here with the polynomial

(1.2) Fw(t) = Z 1olw)

weW
which we refer to as the absolute length generator of W. It was shown by
Shephard-Todd ([10]) in a case by case analysis that

n

(1.3) > aitt = [J(1+ (& - 1)t)

i=0 i=1
where a; is the number of elements of W whose fixed point space in R™ has
dimension n — k and d; — 1,d2 — 1,...,d, — 1 are the so called exponents of W.
The integers d; also give the degrees of any set of basic invariants of W. In view
of Proposition 1.2, formula (1.3) is equivalent to

(1.4) Fw(t) = ﬁ(l + (d; — 1)t).
=1
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A uniform proof of (1.3) was later given by Solomon [11]. Recall ([9]) that the
characteristic polynomial x1(t) of a geometric lattice L is.given by

(1.5) xe(t) = 3B =@y, z)
z€L

where 4(0, ) is the Mébius function and r(z) is the rank of z € L. Now let Ly
be the lattice of intersections of the reflecting hyperplanes, associated to the set
of roots Iy, ordered by reverse inclusion. Ly is a geometric lattice whose atoms
are indexed by the elements of IIy,. Let M be the complement of the union of
the corresponding complexified reflecting hyperplanes. In [8], Orlik and Solomon

show that the Poincaré polynomial Py (t) of M is given by

(1.6) Put)= 3 u(d,2) (.

r€Lw
Then using a result of Brieskorn ([4]) stating that Pps(t) = [J(1+(d; —1)t), they
obtain

-3

(L) O, (<1t = Y w@a)(—ty® =TI+ (di - ).

zELw =1

Propositions 1.1 and 1.2 suggest a possible explanation for the equality of x 1.,
and Fw(t). Recall that the Whitney—Rota theorem (|9]) states that for any
geometric lattice L, the value (—1)"(®) u(0,z) = |u(0, z)| is equal to the number
of NBC bases of . Using this fact, the expression in (1.7) can be rewritten as

(1.8) (-t EWixp(=1/t) = Y card(NBC(z))t'® = >~ el

z€Lw sENBC(W)

where NBC(W) (respectively NBC(z)) is the set of non-broken circuits of Ly
(respectively ).

The remarkable similarity between (1.2) and (1.8) strongly suggests finding a
connection between group elements and NBC sets which explains the equality
between these two polynomials when L = Ly,. In fact such a connection does
exist: given an NBC subset § = {v); < vy <+ < vk}, let wg = wy,wey + - Wy, . It
develops that as S varies among all NBC subsets, wg describes all of the elements

of W each once and only once:
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THEOREM 3.1 (with A. Garsia): Let vy vy ... v, be a set of roots of a reflection
group W written in increasing order according to the total order <y on the
atoms of ly. Let w,,, ..., w,, be their corresponding reflections. The map
®: NBC(W) — W defined by ®(v1,...,0k) = Wy, Wy, - - Wy, Is a bijection from
the NBC sets of W onto the group elements of W. Moreover al(®(S)) = r(S5).

In this paper, we shall exploit this connection to give a combinatorial explana-
tion for the common factorization of the polynomials Fyy (t) and (—t)"(Iw)x .,
(—1/t) when W is the Coxeter group of type D,. In Section 2, we give the
basic definitions and recall how the factorization of the enumerating polynomial
NBC(t, W) of non-broken circuits, defined by equation (1.8), is done combinato-
rially for the symmetric group S, and the hyperoctahedral group B,. In Section
3, we establish the bijection between NBC sets and the group elements of any
reflection group W and we use it to give a first proof of the factorization of the
polynomial NBC(t, D, ). In Section 4, we characterize the circuits and the non-
broken circuits of D,, and in Section 5 we give a second proof of the factorization
of NBC(t, D,,) using only combinatorial properties of the NBC sets of D,,.

2. Preliminaries
Let W be a finite reflection group and let Ilw be its corresponding system of
roots which is in one-to-one correspondance with the set of reflections of W. The
roots for the groups of type A,,_1, B, and D, are represented respectively by
the sets

Ma,_, = {ei —ejhicicjcn,
(2.1) g, = {e: £ ej}icicjcn U{eitizrm,

Ip, = {ei L e;}i<ici<n,
where {ej,ez,...,€,} is the standard basis for R".

2.1 For any subset S C Iy we define the closure S of S as follows:
(2.2) S =Tw N L(S)

where L(S) is the linear span of S in R™. Let Cw be the collection of closed
subsets of IIyy. When we order the elements of Cy by inclusion, we obtain a
ranked poset (Cy,C) that becomes a geometric lattice if one defines the meet
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and join operations to be zAy = Ny and Vy = T Uy (see Birkhoff ([3])). The
elements of rank one in the lattice (Cw, C), called the atoms, are the vectors of
Ow. It is a well known fact that the map: S +— S gives a lattice isomorphism
between Cy, and the lattice of intersections of hyperplanes Ly .

Let S = {v1,vs,...,v,} C Cw be a set of atoms of (Cw,C) and let VS =
v Vg V-V up, then the rank r(VS) of VS is given by r(V.S) = dim(L(S)) and
we have r(vS) < |S].

2.2 Aset S = {vy,vy,..,v,} CIlw is said to be independent if and only if
r(VS) = |S|. Otherwise S is dependent.

2.3 S = {v1,v3,...,vp} is said to be a base for an element z of the lattice
(C, Q) if and only if S is independent and VS = .

2.4 A circuit is a dependent set S C Il such that all its proper subsets T C S
are independent.

2.5 Given a total order <y on the set Iy of atoms, we say that S =
{v1,vs,...,v,} is a broken circuit, denoted BC, if there is an element v € [y
such that v <w wvg for all k =1,...,p and S U {v} is a circuit. In other words,
the broken circuits are obtained from the circuits by removing the smallest atom.

2.6 A non-broken circuit, denoted NBC, is a set of atoms that does not
contain any broken circuit. It can be shown that any NBC is independent.

2.7 The enumerating polynomial of the set of non-broken circuits of W with
respect to the rank is defined as follows

(2.3) NBC(t,W)= > ¢,
SeENBC(W)

We are interested in the combinatorial factorization of NBC(t, W). We first start
with the symmetric group.

THE GROUP S,,. To any decomposition
(2.4) g = 7‘17'2 o Tk

of a permutation o € S, as a product of transpositions, we associate a graph G =
([n], R) whose vertices are in the set [n] = {1,2,...,n} and with set of edges R =
{(i1, 1), (42, 32), - - -, (ik, Jx)} when the transpositions are 7, = (i, 1),..., 7 =
(ik, Ji)-
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Note that since there is a one-to-one correspondance between the atoms of
(Cs,,C) and the transpositions of S,,, we shall speak indifferently about atoms

or transpositions of S,.

PROPOSITION 2.1: A set of atoms (transpositions) of S, is a circuit if and only

if its associated graph is a cycle.

Proof: This is a consequence of Proposition 1.1 and the fact (see Dénes [6]) that
a decomposition as in 2.4 is minimal if and only if the associated graph is a tree.
|

The total order we give to the set of atoms (j, k), j > k, of S, is the lexico-
graphic order on the pairs (j, k):

j<l or

(2.5) (U, k) <L (I,m) <= { j=1 and k<m.

PROPOSITION 2.2 (see [1]): A set of atoms of S,, is NBC if and only if it does
not contain a pair of atoms of the form {(j,1),{(j,k)} with j >l and j > k.

After Garsia, we call such a pair of atoms a camel hump. We represent a set
of atoms of the form {(m, 1), (m,2),..., (m,m — 1)} by the graph in Figure 1(a)
and we refer to it as an m-hand of §,, and denote it by H,,(S,).

The NBC sets of S,, are obtained by selecting at most one atom from each

m-hand H,(S,.), H3(Sn), .., H.(S,). The decomposition of the polynomial
NBC(t, S,)
n—1
(2.6) Yoo @ =T]a+i)
SeENBC(S,) i=1

is now a direct consequence of Proposition 2.2 when we give the weight ¢ to the

atoms in the hands of §,,.

12 m—1 1 m=1 7 m—-1 m
m m

m-hand of S, m-hand of B,

Figure 1. Hands of S, and B,.
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THE GROUP B,. From equation (2.1), we see that we have three types of re-
flections in the hyperoctahedral group B,,. We denote them by (4, 7), (4,7), (4,%)
when they respectively correspond to the reflections in the hyperplanes orthogo-
nal to the vectors e; —¢;, e; + ¢; and e;.

Similarly to S,, we associate to each decomposition (1.1) of w € B,, and
consequently to each NBC set of B,,, a graph G with set of vertices {1,...,n}
and set of edges given by the set of reflections {v1,...,vx}. A reflection (or atom)
of type (7,7) will be represented in G by a straight line between the vertices ¢
and j. A reflection of type (7, 7) will be represented by a curved line between i
and j and a reflection (i,7) by a loop on the vertex i.

We define a camel hump of B, to be a pair of atoms of one of the forms
{G.D.G B LG, D, G G DG B} with j > Land j > k. The camel
humps are represented in Figure 2 where | = k is possible for the second pair.
These camel humps are broken circunits and any broken circuit of B,, contains a
camel hump. An m-hand of B, is defined to be the set

H(Bn) = {(m,1),(m,2),...,(m,m—1),(m,1),...,(m,m-1),(m,m)}

graphically represented in Figure 1(b). We define the total order on the atoms
of B,, to be the one that is obtained by reading from left to right in Figure 3 the
atoms in the m-hands of B,.

J J i

Figure 2. Camel humps of B,,.

PROPOSITION 2.3 (see Lehrer {7]): The NBC sets of B,, are obtained by selecting
at most one atom from each m-hand Hy(B,), Ha(B,), ..., H,(B,).

Again, we use Proposition 2.3 to factor the polynomial NBC(t, B,,) by giving
the weight ¢ to each atom in the hands H1(B,), Ha(B,),. .., H.(B,) shown in
Figure 3 and we obtain:

n

(2.7) Yo @ =TJa+@i-.

SeNBC(By) =1
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3. A bijection between NBC sets and the group elements of W

We first recall (see [5]) that for any decomposition (1.1) of w € W, the set of
vectors {vy,v,...,Vx} spans the orthogonal complement Fix(w)® of the fixed
point space of w.

THEOREM 3.1 (with A. Garsia): Let vy vy ... v be a set of roots of a reflection
group W written in increasing order according to the total order <y on the
atoms of Ilw. Let wy,, ..., wy,, be their corresponding reflections. The map
®: NBC(W) — W defined by ®(v1,...,Vk) = Wy Wy, - - Wy, is & bijection from
the NBC sets of W onto the group elements of W. Moreover al(®(S)) = r(S).

Proof: Let {vy,vg,...,vc} and {uy,us,...,u,} be two NBC sets of W. Suppose

Wy Wy ** "Wy, = Wy Wy * - Wy, and v; <w ui, then the set {v1,uy,...,u.} is

linearly dependent since the sets {v1,...,vx} and {uy,...,u,} generate the same
space Fix(w)*. This implies that {v;,uy,...,u,} contains a circuit of the form
{vi,4j,,...,u5} with { < r so that {u;,,...,u;} is a broken circuit. But this
contradicts the hypothesis that uy, us,...,u, is NBC. So we must have v; > u;

and by symmetry v; = u;. Thus we have

(3.1) Wy Wag * * * Way = WagWay ** * Wy

s

If we repeat the same argument on 3.1, we obtain vg = ug, ..., vy —urand k =r
and the map ® is one-to-one.

Next we want to show that for each element w € W, there exists a minimal
decomposition w = 7,7y, - -+ 7, Of w as a product of reflections such that u; <w
uz <w -+ <w ui and the set {u; ... ux} is an NBC set. We proceed by induction
on al(w). Let al{w) = k and w = wy,wy, -+ - w,, be any minimal decomposition.
Choose u; in the linear span of S = {v;,vs,...,vx} so that r,, is the smallest
reflection with respect to the total order <y . We have that al(r,,w) < k because
det(ry,w) # det(w) implies that al(r,,w) # k and al(r,,w) > k would imply
that S U {u1} is linearly independent, which is impossible. Thus let r,,w =
Ws, Ws, '+ ~ws, be a minimal decomposition with A < k. We have that w =
Ty, Ws, Ws, * + * Ws,, 18 @ minimal decomposition with r,, < w,, foralli=1,...,h
(so that h = k — 1). Now by induction hypothesis w’' = wy, ws, -+ -ws, can be
written as a product of reflections 7, - -7y, that corresponds to an NBC set
{ug,...,ur}. The product 7y, ry, - 7y, is easily seen to be also an NBC set of
W and the proof is complete. ]
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THE GROUP D,. We give our first proof of the identity

n—1
(3.2) Yo O =1+m-0n) I+ @i-1))
SENBC(D,,) i=1

by using the factorization of NBC(%, B,,) given in (2.7). In view of Theorem 3.1,
identity (3.2) is equivalent to

(3.3) Z 2@ = (14 (n = 1)t) ﬁ(l + (20 — )e).
weD, i=1

The graphs representing the m-hands of B,, are given in Figure 3. Consider the
NBC sets of B,, obtained by choosing at most one atom in each one of the first
n — 1 hands and then choosing at most one atom in the last hand so that the
product of the corresponding reflections is in D,. The choice of the last atom
depends on the parity of the number of atoms of type (i,1) already chosen. The
bijection ® in Theorem 3.1 that relates the NBC sets of B,, with its elements,
when restricted to these NBC sets, gives a bijection with the set of elements of
D,.

11 1 32 1 n-1 T o1 w
1 2 n

Figure 3. m-Hands of B,,.
We now proceed to the proof of identity (3.3) by induction on n. Since Dj is
isomorphic to 54, we have from (2.6)

(3.4) ) = (L4 1)1+ 2t)(1 + 3¢).
wED3

When we proceed to the choice of at most one atom in each of the first n — 1
hands of B,, if we obtain an element of D,_;, then we have the choice among
2(n—1) atoms in the last hand H, (B,) in order to obtain an element of D,,. The
absolute length generator for these elements of D,, is by induction hypothesis the
product of the absolute length generator of D,,_; with (1+2(n—1)¢) which gives:

(3.5) I+A4+3t)--- 1+ 2n-5)t)(1 + (n—2)t)1 + 2(n — 1)t].
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Similarly, the choice of atoms in the first » — 1 hands that gives an element
of B,_1 ™ D,_; forces the choice of the atom (7,7) in the last hand to get an
element of D,,. And since 1+ (2n — 3)t = (n — 1)t + (1 + (n — 2)t), the absolute
length generator for these elements of D,, is obtained by multiplying the absolute
length generator of B,_1 >~ D,,_; by t which is

(3.6) (1+t)(1+3t)---(1+ (2n = 5)t)(n — 1)t%
The sum of the enumerating polynomials (3.5) and (3.6) gives
(3.7 1+8)(1+3t)---(14+(2n-3)t)A+ (n—1)t)

which is the required result. |

4. The non-broken circuit sets of D,

In this section we give a description of the NBC sets of atoms of D,. Recall
that the atoms are the vectors of IIp_. To describe the NBC sets we associate
to D,, a graph Gp_, made of positive and negative edges. The graph Gp, is
similar to the one described for B,, the only difference being that in Gp, there
are no loops. The positive edges (represented by straight lines) correspond to
the roots of the form (e; — e;), while the negative edges (represented by curved
lines) correspond to the roots of the form (e; + ¢;).

As we saw in the preliminaries, a circuit is a minimally dependent set S C Ilp .
Thus the circuits of IIp will be described by looking at their corresponding set of
edges in Gp_. Formally the atoms, the circuits and the NBC sets are all subsets
of IIp, but when there is no risk of confusion we shall identify the atoms of Ilp,
with the reflections of D,, or with the edges of Gp, .

In [14], Zaslavsky introduced the notions of signed graph and of switching. His
theorem 5.1 contains, among other things, the description without proofs of the
circuits corresponding to signed graphs. Our graph Gp, is a special case of a
signed graph and we include elementary proofs (Theorem 4.1 to Theorem 4.3)

for the classification of the configurations that correspond to circuits.

THEOREM 4.1: A cycle C in Gp, corresponds to a circuit of Ilp, if and only if

the number of negative edges of C Is even.

Proof: By a cycle we mean a sequence of k edges:

C = ig—ig— — 1 — 1
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between a set {i1,142,...,%x} of k distinct vertices. As we pass through an edge
(i 4), (or (3,7)) going through 7 first and then through j, we consider the corre-
sponding vector to be e; —e; (or e; +e;) even if ¢ > j. (Clearly there is no loss
of generality by doing so.)

A. DEPENDENCY: We first show that if the number h of negative edges in a
cycle C is even then the corresponding set of vectors is a dependent set of IIp_.

(a) Let h = 0. Since there is no negative edges, the corresponding vectors are all

of the form e;; — e;,,,. Thus the telescoping sum:
k
(41) Z(eis - eis+1)
s=1
where e;,,, = e;, is clearly equal to (0,...,0).

(b) Let h = 2,4,6.... In that case the coefficients can be chosen as follows: pick
a negative edge in the cycle, and let the coeflicient of the corresponding vector
be (+1). Now going clockwise through C, let the coefficients of the vectors
corresponding to the subsequent edges, all the way to the next negative edge
(including that one), be equal to (—1). If we have traversed all the edges of the
cycle we are done; if not then the coefficients of the vectors corresponding to
the edges following that last one will be (+1) all the way to the next negative
edge and so on , alternating between (+1) and (—1) until we have gone through
the entire cycle C. What determines the change of sign is when one traverses a
negative edge, then the coefficients of the vectors corresponding to the subsequent
edges will have a sign opposite to the sign that was attributed to this negative
edge. This procedure is illustrated in Figure 4. The plus ( respectively minus)
sign above an edge means that the corresponding coefficient is +1 (respectively
-1).

Figure 4. A cycle with an even number of negative edges.

To see that this linear combination gives (0,...,0), one need only notice the
following fact. If (e;, +e;,) and (e;,. +¢€;,.,,) are two negative edges of C with
only positive edges between them, then

(42) (ejl + ejz) - (Z € — ejk+1) - (ejm + ejm+1 Z € — e]k+1
k=1
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Indeed a simple calculation shows that each side of equation (4.1), is equal to
€j, — €jn4,- Observe that the right hand side of (4.2) is composed of vectors
corresponding to positive edges only. Thus using equation (4.2) for every pair
of negative edges in the cycle yields a telescopic sum of the form (4.1) which
completes the proof of A.

B. MINIMALITY: To show that this set of vectors is a circuit we only need to
prove the minimality of the set. That is, if we remove one edge of the cycle the
new corresponding set of vectors is linearly independent. Let (e;; £ e, ) be
the vector corresponding to the removed edge. Assuming that the set of vectors
{(es; £eiy), ..., (e, T ei;), (€., Tei;,,), ..., (e, £e; )} is linearly dependent,
implies that there exists coefficients ¢1,...,¢j_1,¢j41,...,c¢ not all equal to 0
such that

k
ch(eis :|:6i3+1) = (0,...,0)
el

where e;, , = e;,. The only way to obtain a zero in the 4; th and 7;,; th coordi-

nates of the vector (0,...,0) is when ¢; = ¢;41 = 0. But this recursively forces
the coeflicients ¢;_1,...,¢1 and ¢j2,. .., ¢ to be all zero, which contradicts our
assumption.

C. CoNVvERSE: We now prove that if a cycle has an odd number of negative
edges then the corresponding set of vectors is linearly independent. Suppose on
the contrary that these vectors are linearly dependent. Once more, this means

that there exists coefficients ¢y, co, . .., Cx, not all equal to zero such that
ci(ei; £ e;,) +cole, e ) +---+crle, £ei)=1(0,0,...,0).

This forces the equalities ¢; = tc¢g; ek = Hep—1; k1 = Lck—g; ... c2 = e,
which in turn yields ¢; = £c; . Observe that a positive edge (e;; —e;,,, ) gives rise
to the equation: ¢j+1 = ¢; , while a negative edge e;, +e;,, yields: ¢s41 = —cs .
With this in mind it is easy to see that an odd number of negative edges yields
c; = —cy , thus, ¢; = 0. But, by a domino effect this forces all the ¢; to be equal

to zero, contradicting our assumption. |

The set {(e; +€;), (e; — €;)} is not a circuit. Graphically, it corresponds to
two edges (a positive and a negative one) between the vertices ¢ and j. Call this
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configuration a bubble (see Figure 5(a)).

.12

e h

i j 1 5 8 2 10 7 1
2 9 6

(a) (b)

bubble CC-configuration

Figure 5. Bubble and CC configuration.
The bubble can be thought of as a cycle having one negative edge. This

terminology agrees with the fact that the set of vectors corresponding to a cycle
having an odd number of negative edges is not a circuit. Therefore, from now
on the word cycle shall include this degenerate case . We now describe a new
configuration of edges in Gp_ that leads to a circuit in IIp_ .

Let CC be the configuration consisting of: two cycles Cy, Cs, each of them
containing an odd number of negative edges, connected by a unique chain F =
{f1, f2,---, ft} (t > 0), of positive or negative edges. The intersection between
F and C; and C; consists of exactly two vertices when the chain is not empty.
One is the vertex a;, common to f; and C; while the second one is the vertex
b1, common to f; and Cy. If the chain is empty then the intersection between
Ch and C; consists of a single vertex a;. Figure 5(b) gives an example of a CC
configuration where a; =5, by =7 and t = 4.

THEOREM 4.2: The set of vectors of Il corresponding to a CC configuration
is a circuit.

Proof: We first give an example in which there exist coefficients ¢, co, ..., not
all equal to zero such that

th(eit * eit+l) = (0’ A 0)
Let the CC configuration be as in Figure 5(b). The following linear combination:

(es —ea) + (e2 — e1) + (€1 — €3) + (€3 + e5) — 2(es — e3) — 2(es + €2)
+2(62—€10)+2(€10+€7)—(€7+612)+(812+611)—(€11 —66)*(66+€9)+(69—67)

yields the zero vector. The idea of the proof is the following one: the coefficients
of the vectors corresponding to the edges of the two cycles Cy, Cy will be (£1),
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while the coefficients of the edges of the chain F will be (£2). The change of
sign will still be determined by whether one traverses a negative edge or not.
The only remaining point is to decide where to start. Pick the vertex a; and go
through the cycle C; in a clockwise manner. The vector corresponding to this
first edge of C} will be assigned the value (+1). From there, the coefficients of
the successive edges of C; will be (£1) depending on whether or not one traverses
a negative edge. Once we reach a; again, one traverses the chain F taking care
this time to assign the value (£2) to the corresponding coefficients, until one
reaches the second cycle C;. This cycle should also be traversed clockwise (from
by) but the value of the coefficients associated to its edges should be set back to
(x1).

The fact that all the degrees of the vertices are equal to two, except for that of
ay and b; which have degree three, or four if F' is the empty chain, is the reason
why the coefficients of the edges of the chain need to be twice the one of the
cycles.

Note that in the degenerate case where the cycle is a bubble, the clockwise di-
rection has no meaning. So set (+1) for the negative edge of C; and consequently
(—1) for the positive one. Thus the first edge of the chain F will be assigned
the coefficient (—2) after which we continue as described above. In all cases this
non-trivial linear combination is equal to zero.

To show the minimality, let us assume that if we take away any vector of CC
there is a non trivial linear combination of the remaining vectors of CC that
yields the zero vector. Note that taking away an edge creates at least one vertex
of degree one. But, as we saw earlier this forces one of the coefficients of the
given linear combination to be equal to zero.

If the removed edge belonged to C; (or C3), all the coefficients of the vectors
corresponding to the edges of that cycle C; (C3) and of the chain F, will have to
be equal to zero, by the domino argument of Theorem 4.1. Hence, one is left with
a cycle C2 {Cy) having an odd number of negative edges, which corresponds to
a set of linearly independent vectors. Thus the only linear combination yielding
the zero vector is the trivial one.

If the removed edge belongs to the chain F', this forces all the coefficients of
the vectors of that chain to be zero. One is then left with the two disjoint cycles

C; and Cj and this completes our proof. |

We claim that the only configurations of edges of Gp_ that yield circuits are
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the cycles with an even number of edges or the CC configurations described
above. Indeed, the way to obtain circuits is by adding a new vector v to a set .S
of vectors, linearly independent, in such a way that the new set of vectors SU{v}
becomes a minimally dependent set. We shall characterize the sets of vectors

that are linearly independent.

The set of vectors corresponding to a tree in Gp_, is a linearly independent set.
If we add an edge so that a cycle is created then it is immediate to see that we
get a circuit only if the tree has no branches ( i.e. the tree was a chain ) and if the
number of negative edges in that cycle is even. Indeed a tree structure with such
a cycle appended to one of its vertices is not a circuit, because the minimality
requirement is not satisfied. A tree with a cycle having an odd number of negative
edges appended to one of its vertices is a linearly independent set. Adding an
edge so that a new cycle is created gives a circuit only if the new cycle has an
odd number of edges and, if the only remaining edges, not belonging to the 2
cycles, form a chain between the two cycles. In other words, a CC' configuration
to which a tree-like structure would be appended is not a circuit because the

minimality requirement is not satisfied.

Now consider a cycle with an odd number of negative edges. Adding an edge
between two of the vertices of the cycle does not create a circuit for the following
reasons. The added edge creates two cycles sharing this edge. One of these two
cycles has an even number (possibly zero) of negative edges, which we know is
a circuit, while the edges of the other cycle create a set of vectors which is not
minimally dependent. A similar argument shows that if one has two (2) disjoint
cycles, each with an odd number of negative edges, the only way to get a circuit
is by adding an edge between the two cycles.

These arguments prove the following theorem.

THEOREM 4.3: A set of vectors S = {v1,...,vx} C Ilp_ is a circuit iff it is a
CC configuration or if it corresponds to a cycle with an even number of negative
edges.

We recall that the NBC sets of atoms are the sets of atoms which do not
contain any broken circuits. A broken circuit is a set of atoms corresponding to
a circuit from which we removed the smallest atom. From now on the total order
for the atoms of D,, is the following one:
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(27 1)7 ( ’

1),
(4,2), (4:3),

3,1), (3,
(71 1), (‘1 2), ( 3) coy (Am = 1)

Note that we represent an atom (e; —e;) ((e; +¢;)) by its corresponding reflection
(4,4), ((4,1)) where we insist (as for S,,) that j > 7. Observe that to a set of atoms
of D,, there corresponds a set of edges in the graph Gp, . This set of edges forms
a subgraph of Gp_. It is in those terms that we characterize the NBC sets of
D,,. Before doing so, we shall first describe the three different types of broken
circuits. If a circuit corresponds to a cycle then removing the smallest edge
yields a chain which is said to be a BC of type 1. If the circuit corresponds to
a CC configuration then removing one edge yield two possible configurations; a
connected component shown in Figure 6(a) (BC of type 2); or a disconnected
component shown in Figure 6(b) (BC of type 3). The dotted lines represent
edges that can be either positive or negative.

Figure 6. Broken circuits of type 2 and 3.

To ease the burden of notation we shall give a name to a few configurations.
The camel hump configurations will refer to any pair of atoms of the form given
in Figure 2 where i # j. The chain-bubble configuration is shown in Figure
7(a), where i < j <ig < -+  <iporj <i<izg<--+<i.

(a) chain-bubble TN s e
1 2 13 k-1 1%
(b) 2-bubble _— .. — i — ™
Tk o1 1 J J1 Js
Fy Fa

Figure 7. Chain-bubble and 2-bubble configurations.

Note that there are only two negative edges in this configuration: The one
between the vertices ¢ and 7 and the other one between the vertices ix—_; and .
Lastly the 2-bubble configuration shall refer to the one given in Figure 7(b).
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This configuration consists of two disjoint chains Fy and F3, each of them ending
with a bubble and containing only positive edges, except for the bubble. They
satisfy i < i) < -+ <1y, J < j1 < --- < js and the fact that if the smallest vertex
i is in the connected component F then, the next smallest vertex j, has to be in
the connected component Fs.

THEOREM 4.4: A set S of atoms of D,, is an NBC set if and only if the associated
graph does not contain any subgraph of the form:

(1) camel hump,

(2) chain-bubble,

(3) 2-bubble.

Proof: The condition is clearly necessary. Indeed, a set S of atoms corresponding
to any configurations of the form 1,2, or 3 is a broken circuit. In each case, the
removed edge is (¢ j) or (—¢ — j), which we denote by (+¢ + 7). Thus we need
only show that if S contains a broken circuit then it contains a broken circuit of

the form 1,2, or 3. As we mentioned above the broken circuits are of three types.

Case 1:  Let the broken circuit correspond to the path
FE = S el ot PR o 1 % )

with j > i and (+¢ + j) the removed edge. Since this edge must be the smallest
in the atom order we have adopted, we claim that 4, is greater than both ¢ and
J. Indeed, assume if possible that i, < 4. Then in the order described above
(&4, +ix) < (£, 24) which contradicts the assumed minimality of (%7, i), thus
tx > t. A similar argument yields that i, > j. This given, let i, be the maximum
of j = 19,41,%2,...,%k,%k+1 = t. By our previous argument we can conclude that
0 < s<k+1 Thusi,_; and ;41 are both smaller than i,. But this implies
that the original broken circuit contains a camel hump.

Case 2:  Let the broken circuit correspond to the configuration given in Figure
6(a). In the cycles A and B, a number of edges greater than 2 yields a broken
circuit that contains a camel hump (see case 1 above). Thus, consider the case
where the broken circuit BC is the set of atoms represented in Figure 8(a), where
the smallest atom was (j,4). Remember that the dotted lines represent the edges :
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that can be either positive or negative.

D . e U o
D Jj i3 k-1 g 1t Joot3 is tst1 -1 ik

(a) (b)

Figure 8. Broken circuits of type 2 for degenerate case.

We claim that BC contains a camel hump or a chain-bubble broken circuit.

Let i < j. Not having j < i3 <14 < -+ < ip-1 < iy, implies that BC contains
a camel hump. Solet 7 < j < i3 < -+ < i1 < ik, and consider the set of atoms
represented in Figure 8(b), where (—i, — i,41) is the last encountered negative
edge in the path going from ¢ to ix;. This is clearly a chain-bubble situation.

Let j < 4. If j > i3 then we have that (£j, £i3) < (4, ), but this contradicts
the minimality of (4,j). A similar argument shows that i < i3, thus j < i < 43
and reasoning as above yields that the broken circuit contains a chain-bubble.

Cast 3:  Let the broken circuit correspond to the configuration shown in Figure
9,

i ig Qil
cmmm et meo N
J ts41 Tk

Figure 9. Broken circuit of type 3 for degenerate case.

Note that in Figure 9, if the bubbles were to be cycles of length > 3, then the
corresponding broken circuit would contain a camel hump. Hence it is sufficient
to consider these configurations.

Without loss of generality let ¢ < j. The minimality property of the edge
(&3, £i) forces 15 > j > i. Considering the situations where the broken circuit
does not contain camel humps implies that ¢ < 5 < ;1 < .-+ < i;. Now we
either have j < i1 < +++ < @k OF § > Ggq1 > -++ > 4 < Ig41,° " ", ik, fOr some
t. The first case yields a broken circuit that contains a 2-bubbles broken circuit.
The second case cannot occur since otherwise the minimality property of the edge
(£7, £1) would not be preserved.

Observe that in cases 2 and 3 the chain-portion of the configuration can be
empty. This, per se, requires an argument of its own. But as it turns out the
arguments concerning these extreme cases are simpler than the general one and
we omit the details. ]
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5. Factorization

We now give a proof of the factorization of the polynomial NBC(¢t, D,) using
only properties of the NBC sets of D,,.

THEOREM 5.1: We have

> =@+ +3t) - (1+ (20— 3)t) (1 + (n— 1)t).
SENBC(D.)
Proof (Induction on n): If we add an atom (n, i) or (#,1) to an NBC set of D,,_1,
we necessarily obtain an NBC set of D,,. Since there are 2(n — 1) atoms of these
two types, the enumerating polynomial Q. (t) of the NBC sets of D,, that contain
at most one of the atoms (n, ), (f,%) is by induction equal to

(5.1) Qn{t) = NBC(t, Dp—1)(1 + 2(n — 1)¢).

Next, we claim that the enumerating polynomial P, (t) of the NBC sets of D,
that contain a bubble {(n,:),(n,7)} ,1<i<n—1is equal to

(5.2) P,(t)= (1 +t)(1+3t)---(1+ (2n — 5)t)t*

and we show this in two steps. We first consider the case 1 <i < n — 2. We say
that an NBC set S admits the bubble {(, ), (%,7)} when S remains an NBC
set after we add the two atoms (4,5), (7,7) to it. Next observe that every NBC
set of D,_; that admits the bubble {(n —1,%), (n — 1,1)} also admits the bubble
{(n,4),(n,2)} in D,,. Conversely every NBC set of D,, that admits the bubble
{(n,1), (%)} can be obtained from an NBC set of D,_; that admits the bub-
ble {(n—1,1), (n — 1,%)} by adding at most one atom from the hand in Figure 10.

Figure 10. Added atoms to S € NBC(D,,_1).

Here 7 means that it is forbidden to choose 7. There are 2n — 5 atoms in this

hand and we have shown the recursive relation

Pn(t) = Pn—l(t)(l + (277' - 5)t)
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which proves the induction.

For the case ¢ = n — 1 of the NBC sets that contain the bubble
{(n,n~1), (R, n — 1)}, we show that from each NBC set that admits the bubble
{(n—1,n-2),(n = 1,n — 2)}, we can construct 2n —5 NBC sets that admit the
bubble {(n,n — 1), (R,n — 1)}, and that each such NBC set is uniquely obtained
and that we have them all.

Call A and B the collections of NBC sets of D,, that respectively admit the
bubbles {(n —~ 1,n — 2),(n = 1,n —2)} and {(n,n ~1),(”,n —1)}. An NBC set
in A can never contain an atom of the form (n —2,3) for 1 <i < n — 3.

(i) Suppose that we start with an NBC set S € A that contains no atom of the
form (n — 2,7),1 < i < n— 3. To obtain an element of B, we can add to S at
most one atom from the set in Figure 11(a). So we have 2n — 5 choices for each
of these NBC sets in A.

(ii) Suppose we now start with an NBC set S € A that contains an atom
of the form (n — 2,7), 1 < ¢ < n— 3. Let G; be the connected component
of S that belongs to (n — 2,7) and G5 its complement in the graph of S. Let
{t = i0,11,%2, ..., lk,n — 2 = g1} be the set of vertices in G;. We add atoms
to S in three ways. First we add an atom of the form (n —1,4;),0 <t <k +1,
to obtain a set S*. If S* ¢ B, which is possible, then we exchange the vertices
n—1and n—2in St, i.e. we replace the pair of atoms {(n — 1,4;),(n —2,¢)} by
the pair {(n — 2,%;),(n — 1,4)} and we obtain an NBC set of B. If the set ST is

in B, we leave it unchanged.

1 n-3 1 n—3 n—2 J1 ]n k— 4]1 ]n k—4 i1
n—2 n—1 n—2

Figure 11. Added atoms to S € A.

The second way consists in replacing (n—2,%) by (n—1,7) in S and then choos-
ing at most one atom in the hands given in Figure 11(b) where {j1,j2, . - ., jn—k-4}
is the set of vertices of Gy. In the third possibility, we add the atom (n — 2,%)
to G, and create the bubble {(n — 2,i), (n — 2,7)}. Adding up these possibilities
gives (k+2)+2(n — k—4) + (k+ 1) = 2n — 5 choices of atoms and each NBC
set of B is chosen once and only once.
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Finally, the sum of the polynomial in identity (5.1) with (n — 1) times the
polynomial in identity (5.2) gives:

NBC(t, D) = (14 2(n — 1)t) NBC(t, D,,_1) + (n — 1)t* NBC(t, B,,_3)

(5.3)
= Qn(t) + (n— D)P,(t)

and hence the result. [ |

Observe that identity (5.2) suggests that there exists a bijection between the
NBC sets of D,, that admit the bubble {(n, %), (f,)} and the elements of B,_,.
So far, we have been unable to establish this bijection.

ACKNOWLEDGEMENT: The problem of finding a combinatorial explanation for
the factorization of Fw (t) by searching for a corresponding factorization of the
broken circuit complex was posed by A. Garsia in 1980. We are grateful to him
for suggesting the problem to us.

While writing the final version of this paper, the authors have received a
preprint ([2]) from B. Sagan and C. Bennett which intersects the contents of
our paper. Their characterization of the NBC bases of D,, is similar to ours and
they introduce the notion of atom-decision tree to prove the factorization of the
enumerating polynomial of the NBC of D,,. We are thankful to them for letting
us know about their work.

References

[1] H. Barcelo, On the Action of the Symmetric Group on the Free Lie Algebra and
on the Homology and Cohomology of the Partition Lattice, Ph.D. Thesis, UCSD,
1988.

[2] C. Bennett and B. E. Sagan, A generalization of semimodular supersolvable
lattices, preprint (1992).

[3] G. Birkhoff, Lattice Theory, Vol. 25, AMS Colloquium Publications, 1984.

[4] E. Brieskorn, Sur les groupes de Tresses (d’apres V.I. Arnold), Séminaire Bourbaki
24e année, Springer Lecture Notes No. 317, 1971/1972.

[5] R. W. Carter, Conjugacy classes in the Weyl group, Compositio Mathematica 25
(1972), 1-59.

[6] J. Dénes, The representation of a permutation as the product of 2 minimal number
of transpositions and its connection to the theory of graphs, Publications of the
Mathematical Institute of the Hungarian Academy of Sciences 4 (1959), 63-70.



306 H. BARCELO AND A. GOUPIL Isr. J. Math.

[7] G. L. Lehrer, On hyperoctahedral hyperplane complements, Proceedings of Sym-
posia in Pure Mathematics 47 (1987), 219-234.

[8] P. Orlik and L. Solomon, Combinatorics and topology of complements of
hyperplanes, Inventiones Mathematicae 56 (1980), 167-189.

[9] G.-C. Rota, On the foundations of combinatorial theory I. Theory of Moebius
functions, Zeitschrift fir Warhrscheinlichkeitsrechnung 2 (1964), 340-368.
[10] G. C. Shephard and J.A. Todd, Finite unitary reflection groups, Canadian Journal
of Mathematics 6 (1954), 274-304.

[11] L. Solomon, Invariants of finite reflections groups, Nagoya Mathematical Journal
22 (1963), 57-64.

[12] H. Terao, Generalized exponents of a free arrangement of hyperplanes and
Sherphard-Todd-Brieskorn formula, Inventiones Mathematicae 63 (1981), 159-
179.

[13] H. Whitney, A logical expansion in mathematics, Bulletin of the American Math-
ematical Society 38 (1932), 572-579.

[14] T. Zaslavsky, Signed graphs, Discrete Applied Mathematics 4 (1982), 47-74.



